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ABSTRACT 
This work investigates the behavior of a bandpass filter in 
the multi-filter phase lock loop when driven with a sinusoidal 
drive. Amplitude jumps which are found in only nonlinear systems, 
are shown to exist in the multi-filter phase lock loop, providing 
information to help in understanding the operation of the loop, 
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CHAPTER I 
INTRODUCTION 
1.1 Background 
The phase lock  loop (PLL) has  become more widely used a s  an FM 
demodulator i n  t h e  l a s t  s e v e r a l  yea r s .  This  i s  due t o  t h e  n o i s e  
r e j e c t i o n  p r o p e r t i e s  and a s soc i a t ed  th re sho ld  ex tens ion  the  PLL 
e x h i b i t s .  These p r o p e r t i e s  a r e  p a r t i c u l a r l y  u s e f u l  i n  r ece iv ing  
s i g n a l s  from spacec ra f t  where t h e  t r ansmi t t ed  power is  l i m i t e d ,  
The t y p i c a l  lowpass PLL w i l l  g i v e  l i t t l e  o r  no th re sho ld  i m -  
provement over t h e  convent ional  FM d i sc r imina to r  when the  informa- 
t i o n  is  concent ra ted  a t  o r  near  d i s c r e e t  f requencies  such as 
encountered wi th  TV video [ I ] .  Bas i ca l ly  dha t  happens is t h a t  the 
lowpass PLL al lows n o i s e  i n  t h e  unused p o r t i o n  of t h e  bandwidth t o  
e n t e r  t h e  loop thus  lowering t h e  loop s i g n a l  t o  n o i s e  r a t i o .  This  
problem i s  f u r t h e r  compounded by t h e  poorer t r ack ing  performance o f  
t h e  lowpass PLL when s t r o n g  s u b c a r r i e r s  occur i n  t h e  upper p a r t  o f  
t h e  passband [ 2 ] .  
A l o g i c a l  s o l u t i o n  t o  t h e s e  problems i s  t o  des ign  a PLL which 
has a loop frequency response t h a t  is  a comb s t r u c t u r e  matching tha t  
of t h e  information spectrum. A PLL of t h i s  type ,  c a l l e d  a multi- 
f i l t e r  phase lock  loop (M-PLL), is  of n e c e s s i t y  a more complicated 
device  and correspondingly w i l l  have a more complicated response,  
This  work w i l l  be  concerned wi th  desc r ib ing  t h e  phenomena assoc ia ted  
w i th  the bsndpass f i l t e r s  i n  t h e  loop when d r iven  by a sinuscld, 
1 . 2  The Bas ic  PLL 
The t y p i c a l  PLL c o n s i s t s  of t h e  e lements  shown i n  F i g u r e  1.1, 
The VCO ( v o l t a g e  c o n t r o l l e d  o s c i l l a t o r )  i s  a c o n s t a n t  ampl i tude  
o s c i l l a t o r  t h a t  h a s  a n  o u t p u t  f requency  c o n t r o l l e d  by t h e  i n p u t  vo1- 
t a g e .  The phase  d e t e c t o r  produces  a v o l t a g e  r e l a t e d  t o  t h e  phase  
d i f f e r e n c e  o f  t h e  VCO o u t p u t  and t h e  i n p u t  s i g n a l ,  u s u a l l y  t h e  phase 
d e t e c t o r  i s  a m u l t i p l i e r  and t h e  o u t p u t  i s  t h e  s i n e  of t h e  phase  
d i f f e r e n c e .  The l o o p  f i l t e r  i s  a  l i n e a r  t i m e - i n v a r i a n t  network t h a t  
g i v e s  t h e  t y p i c a l  Poop a n  o v e r a l l  Eowpass response .  T h i s  model of 
t h e  PLL, c a l l e d  t h e  I F  o r  c a r r i e r  model, i s  n o t  of a form t h a t  i s  
r e a d i l y  ana lyzed .  
I n p u t  
S i g n a l  
FIGURE 1.1 The C a r r i e r  Model of a PLL 
V i t e r b i  [ 3 ]  h a s  d e r i v e d  a reduced model, c a l l e d  t h e  baseband 
o r  phase  model, shown i n  F i g u r e  1 . 2 ,  T h i s  model i s  comple te ly  
d e s c r i b e d  by t h e  d i f f e r e n t i a l  e q u a t i o n  
d  dm s i n  @(t), 41. I )  
= - AK(ao f a1  - f . - o - 4 -  am -) d t  d t m  
where t h e  c o e f f i c i e n t s  a  and b .  a r e  g i v e n  by t h e  s-domain r r a n s f e r  i J 
f u n c t i o n  o f  t h e  loop  t i l e e r .  
Obviously (1.1) i s  n o n l i n e a r  i n  terms s f  t h e  dependent v a r r a b l e  
$(t) and a t  t h i s  t i m e  r h e r e  1s no known e x a c t  s o l u t i o n .  The l a c k  of 
a n  e x a c t  s o l u t i o n  w i l l  r e s t r i c t  t h e  s t u d y  s f  t h e  PLL t o  s p e c i a l  
c a s e s  f o r  which t h e r e  a r e  a n a l y t i c a l  methods. It i s  p o s s i b l e ,  
however, t c  d e s c r i b e  impor tan t  phenomena o f  t h e  PLL by making slm- 
p l i f y i n g  assumpeions and t h u s  redbc lng  r h e  problem of a n a l y z i n g  the 
Poop performance to a manageable s i z e .  
1,3 Some Bas ic  Assumptions 
The most impor tan t  and most r e s t r i c t i v e  assumption made i n  this 
s t u d y  i s  t h a t  t h e  f i l t e r s  a r e  assumed n o n - i n t e r a c t i n g ;  t h a t  i s ,  i f  
a  s i n u s o i d a l  d r i v e  w i t h  f requency  n e a r  t h e  ith bandpass  f i l t e r  i s  
a p p l i e d ,  t h e  phase  e r r o r ,  @ ( t )  , w i l l  b e  due  t o  t h e  ith bandpass f il- 
ter on ly .  T h i s  assumption i s  j u s t i f i e d  by a r g u i n g  t h a t  t h e  bandpass 
FIGURE 1 .2  The Baseband Model of a  PLL 
f i l t e r s  a r e  harmonically r e l a t e d  and t h e r e f o r e ,  when t h e  M-PLL i s  
ope ra t ing  with the  s i g n a l  input  f o r  which i t  was designed,  t h e  hap- 
monics due t o  t h e  ith f i l t e r  w i l l  be  small wi th  r e spec t  t o  t h e  
inpu t s  t o  t h e  o the r  f i l t e r s .  It i s  f u r t h e r  assumed t h a t  t h e  lowpass 
f i l t e r  i n  t h e  Poop has  no s inuso ida l  d r i v e  under normal ope ra t ion ;  
i . e .  t h e  lowpass f i l t e r  w i l l  t r a c k  only  t h e  c a r r i e r .  The appendix 
g ives  t h e  r e s t r i c t i o n s  on t h e  po le  p o s i t i o n s  of t h e  comb f i l t e r s  f o r  
I 
t h e  l i n e a r  case .  
The input  s i g n a l  w i l l  be  assumed t o  be a  s i n g l e  s inuso ida l  sub- 
c a r r i e r  i n  o rde r  t h a t  t h e  phenomena a s soc i a t ed  wi th  t h e  bandpass 
f i l t e r  may be explored.  The response t o  t h i s  d r i v e  w i l l  b e  s tud ied  
i n  t h e  s teady  s t a t e .  
A s  r e s t r i c t i v e  a s  t h e s e  assumptions may seem, important pbe- 
nomena such a s  amplitude jumps w i l l  b e  descr ibed .  
CHAPTER I1 
A FIRST ORDER APPROXIMATION 
2 .1  The Loop Equation 
The assumption t h a t  t h e  f i l t e r s  a r e  non- in te rac t ing  reduces the  
equat ion desc r ib ing  t h e  ope ra t ion  of  t h e  PLL cons iderably .  With 
t h i s  assumption only  t h e  ith bandpass f i l t e r  need be cons idered .  
The bandpass f i l t e r  w i l l  be  assumed t o  have t h e  form used by Cheng 
4 .  The s-domain t r a n s f e r  func t ion  f o r  t h i s  bandpass f i l t e r  i s  
The input  i s  a s i n g l e  s inusoid  modulated FM c a r r i e r  given f o r  t he  
baseband model i n  (2 .2) ,  where Aw is  t h e  frequency d e v i a t i o n  and 
w i s  t h e  modulating frequency. S u b s t i t u t i n g  (2.1) and (2.2) into 
m 
(1.1) t h e  d i f f e r e n t i a l  equat ion  desc r ib ing  t h e  PLL becomes 
* 
Equation (2.3) has  a f i r s t  d e r i v a t i v e  term and t h e r e f o r e  the 
s o l u t i o n  w i l l  have a phase d i f f e r e n c e  wi th  r e spec t  t o  t h e  d r i v i n g  
func t ion .  I n  order  t o  s imp l i fy  t h e  mathematics, t h e  phase s h i f t ,  
y ,  i s  a s soc i a t ed  wi th  t h e  d r i v i n g  func t ion .  
For a f i r s t  o rde r  approximation t h e  nonl inear  term, cos  4 ,  i s  
rep laced  by t h e  f i r s t  two terms of i t s  power s e r i e s  expansion. 
Equation (2.3) reduces t o  a form s i m i l a r  t o  t h e  negat ive  r e s i s t a n c e  
o s c i l l a t o r  problem [5]. 
where 
25 Wn um 
y ' = ARCTAN (w, 
- 0; > f r o  
m 
2.2 The F i r s t  Harmonic Term 
The s teady  s t a t e  s o l u t i o n  t o  t h i s  equat ion  w i l l  be a func t ion  
of t h e  d r i v e  t e r m .  It i s  no t  unreasonable t o  expect t h a t  t h e  
Jc 
The time dependence of $ ( t )  w i l l  be  understood and he re  a f t e r  will 
be w r i t t e n  simply a s  @. 
response w i l l  be e s s e n t i a l l y  s inuso ida l  i f  t h e  parameter a i s  small 
compared t o  u n i t y  and i f  t h e  parameter B is  l e s s  than  one. The 
approximate s o l u t i o n  t o  (2.4a) might be expected t o  be of t h e  fo rm 
The unknown q u a n t i t i e s  a r e  t h e  response ampli tude,  E ,  and the 
phase s h i f t ,  Y', These unknowns a r e  found by applying t h e  p r i n c i p l e  
of harmonic balance;  t h a t  is ,  wi th  t h e  assumed s o l u t i o n ,  t h e  unknowns 
a r e  forced  t o  f i t  a s  we l l  a s  poss ib l e .  
Equation (2 .5)  i s  s u b s t i t u t e d  i n t o  (2.4a) and t h e  coefficients 
of t h e  corresponding s i n e  and cos ine  terms a r e  coYPected, r e s u l t i n g  
i n  t h e  fol lowing t h r e e  r e l a t i o n s .  
CoS w t :  E(W~ - w2)  ) G G O S  y' 
m n m (2.61 
BE" 
s i n  3wm t: a w w -- 0 
n m 4  
FOE" t h i s  s o l u t i o n  t h e  t h i r d  harmonic term w i l l  be  neglec ted ,  
The ampli tude of t h e  response may be found by squaring (2.6) and 
(2.7) and summing t o  e l imina te  t h e  phase s h i f t  terms. 
This  equat ion may be reduced by d iv id ing  by (a W Wm) and i n t r o -  
ducing t h e  parameters 
Upon ca r ry ing  ou t  t h e  s u b s t i t u t i o n s ,  (2.8) reduces t o  
Equation (2.12) i s  cubic i n  terms of y  and thus ,  t h e r e  w i l l  
always be one r e a l  s o l u t i o n  t o  y f o r  every x and A .  There may a l s o  
be t h r e e  r e a l  s o l u t i o n s  t o  y implying t h a t  jump phenomena may e x i s t ,  
The jumps w i l l  occur when dy/dx = o r  more simply dx/dy = 0. Upon 
ca r ry ing  out  t h e  ind ica t ed  d e r i v a t i v e  of (2.12) i t  is  found t h a t  the  
jumps w i l l  occur along t h e  e l l i p s e  
A p l o t  of (2.12) and (2,13) i s  shown i n  F igure  2.1. The para- 
meter f o r  t h e  family of curves  i s  A ~ ,  which i s  p ropor t iona l  t o  the 
square  of t h e  d r i v e  amplitude and i n v e r s e l y  p ropor t iona l  t o  t h e  
modulating frequency. I f  A 2  i s  l e s s  than  4/27 o r  g r e a t e r  than  8 / 2 7  
t h e r e  w i l l  be  no jumps. Note, however, t h a t  t h e  n o n l i n e a r i t y  w a s  
approximated only  by t h e  f i r s t  two terms of i t s  power s e r i e s  expan- 
s i o n ,  and i t  i s  reasonable  t o  expect more jumps than  a r e  pred icred  

h e r e .  A check o f  s t a b i l i t y  shows t h a t  t h e  s o l u t i o n  i n s i d e  t h e  
e l l i p s e  are u n s t a b l e  and t h u s  w i l l  n o t  b e  observed  i n  a  p h y s i c a l  
system. 
Another way of c o n s i d e r i n g  (2.12) i s  t o  h o l d  t h e  modulat ing 
f requency  c o n s t a n t  and v a r y  t h e  d r i v e  ampl i tude .  As shown i n  Figure 
2.2,  a n  i n c r e a s e  i n  A (modulat ion index)  w i l l  r e s u l t  i n  a n  i n c r e a s e  
i n  E. At some p o i n t  a s m a l l  i n c r e a s e  i n  A w i l l  r e s u l t  i n  a  l a r g e  
jump i n  t h e  r e s p o n s e  ampl i tude ,  E .  A f t e r  t h e  jump h a s  t a k e n  p l a c e  
A must be  lowered u n t i l  E jumps t o  a lower  ampl i tude .  T h i s  demon- 
strates a h y s t e r e s i s  e f f e c t  i n  t h e  r e s p o n s e  ampl i tude  as w e l l  as t h e  
j ump phenomena. 
The normal o p e r a t i o n  of t h e  PLL w i l l  r e q u i r e  t h e  phase  e r r o r ,  
@, t o  b e  a t  a  minimum. T h i s  cor responds  t o  t h e  parameter  y being 
below t h e  e l l i p s e .  From F i g u r e  2 . 1  i t  i s  s e e n  t h a t  f o r  c e r t a i n  A's 
and x ' s ,  y  w i l l  n o t  meet t h i s  c r i t e r i o n .  T h e r e f o r e ,  i t  would be 
i n f o r m a t i v e  t o  have a p l o t  r e l a t i n g  t h e  maximum A t o l e r a b l e  f o r  a 
g i v e n  x .  F i g u r e  2 .3  i s  a p l o t  o f  t h i s  boundary found by s o l v i n g  
(2.12) and (2.13) a l o n g  t h e  lower edge of t h e  e l l i p s e  and t h e n  
denormal iz ing  by u s i n g  (2 .11) ,  (2.4d) and (2 .4e ) .  The p a r t i c u l a r  
c a s e  used was t h e  same as used by Cheng [ 4 ] .  Also p l o t t e d  on  t h i s  
g raph  a r e  t h e  r e s u l t s  found e x p e r i m e n t a l l y .  The agreement i s  f a i r  
c o n s i d e r i n g  t h e  approx imat ion  used f o r  t h e  n o n l i n e a r i t y  and t h e  
assumed s o l u t i o n .  
The phase  s h i f t  term, y' ,  can  b e  found by t h e  p roper  manipula- 
t i o n  o f  (2.12) and (2.6) a l o n g  w i t h  t h e  d e f i n i t i o n s  of x, y ,  and L i 2 ,  

Modulating Frequency i n  rad/sec. 
FIGURE 2.3 Boundary for ~ i r e t  Response Jump, First Approxbation 
The phase  a n g l e ,  y ' ,  i s  found t o  be  
X TAN Y ' = ------ . 
1 - Y  
The phase  a n g l e  i s  p l o t t e d  i n  F i g u r e  2.4  
FIGURE 2 . 4  The Phase  Angle of t h e  Response, F i r s t  Approximation 
2.3  D i s c u s s i o n  of R e s u l t s  
The r e s p o n s e  a m p l i t u d e  h a s  been shown t o  e x h i b i t  jumps under  
t h e  p roper  d r i v e  c o n d i t i o n s .  The i n p u t  t o  t h e  l o o p  f i l t e r  i s  the 
s i n e  o f  t h e  phase  e r r o r  and,  a f t e r  t h e  jump h a s  t a k e n  p l a c e ,  t h e  
peak phase  e r r o r  w i l l  be  i n  t h e  o r d e r  o f  2 ~ .  Witjh t h e  peak phase  
e r r o r  t h i s  l a r g e  t h e  i n p u t  t o  t h e  l o o p  f i l t e r  w i l l  have l a r g e  ha r -  
monic c o n t e n t  and t h e  assumed s o l u t i o n  w i l l  n o t  b e  v a l i d .  F u r t b e r -  
more t h e  boundary f o r  t h e  f i r s t  jump i s  n o t  a c c u r a t e l y  p r e d i c t e d  
which i m p l i e s  t h a t  a more complicated s o l u t i o n  must be  c o n s i d e r e d ,  
The cons ide ra t ion  of a  more complicated s o l u t i o n  w i l l  be  defer red  
u n t i l  t h e  next  chapter  where a  b e t t e r  model of t h e  PLL i s  developed, 
The jumps i n  t h e  response ampli tude may be observed i n  a  M-PLL 
i f  c a r e  i s  used i n  t h e  des ign .  The jumps w i l l  involve  l a r g e r  phase 
e r r o r  and l a r g e r  phase e r r o r  r a t e  (frequency e r r o r )  and, i f  due 
c a r e  i n  designing t h e  PLL i s  not  used,  a  component may s a t u r a t e ,  
Th i s  r e s u l t s  i n  a  l o s s  of phase Pock and may be mis in t e rp re t ed  as  
f a i l u r e  of t h e  loop t o  r r aek  t h e  modulation. 
CHAPTER I11 
A SECOMD APPROXIMATION 
3 . 1  The Loop Equation 
The f i r s t  o rder  appraximation i n  Chapter I1 considered only 
t h e  f i r s t  two terms of t h e  power s e r i e s  expansion f o r  t h e  cos ine  
non l inea r i t y .  I f  t h e  n o n l i n e a r i t y  i s  not approximated t h e  r e s u l t s  
should be more accu ra t e .  The s teady  s t a t e  s o l u t i o n  t o  t h e  PLL 
equat ion w i l l  be pe r iod ic  and t h e r e f o r e  w i l l  have a  corresponding 
Four ie r  s e r i e s  of s i n e  and cos ine  terms. Thus without  an  approx- 
imation of t h e  cos ine  non l inea r i t y  t h e  s o l u t i o n  w i l l  involve  Bessel 
func t ions .  
The equat ion  desc r ib ing  t h e  opera t ion  of t he  PLL under eon- 
s i d e r a t i o n  was given i n  (2.3) a s  
Aw 
+ --(2Cwnum) s in(w m t+y) . (2 ,3)  
This  equat ion i s  s i m p l i f i e d  t o  
% + a' (I+@' ~ 0 s  $1 wn4 + w2$ n = G s i n  m t + y l ) ,  (3,  la) 
where 
(3. l b )  
(3. l c )  
(3. l d )  
2zJIl 0 
y1 = ARCTAN ( n m ) + Y e  (3. l e )  
w2-u2 
tn n 
Note t h a t  t h e r e  i s  no t  3 one t o  one correspondence f o r  a'  and 8" 
and a and 8 of Chapter 11. 
3.2 The F i r s t  Harmonic Term 
I f  a l<< l  t h e  f i r s t  approximation f o r  a s teady  s t a t e  s o l u t i o n  
may be assumed t o  be 
0 = E s i n  U t. 
m (3.2) 
As before ,  t h e  phase s h i f t  due t o  t h e  damping term is as soc ia t ed  
wi th  t h e  d r i v i n g  func t ion .  
S u b s t i t u t i n g  (3.2) i n t o  (3 . l a )  and c o l l e c t i n g  l i k e  s i n e  and 
cos ine  term t h e  fol lowing c o e f f i c i e n t  r e l a t i o n s  a r e  found. 
cos  w t: a'w w [E + 2@'51(E)] = G s i n  y1 
m n m (3.4) 
s i n  w t: 
m 
E(u~-u:) = G cos  y' 
The harmonic terms g r e a t e r  than  one a r e  neglec ted .  The phase terms 
a r e  e l imina ted  by squaring ( 3 . 4 )  and (3.5) and summing t h e  r e s u l t s ,  
This  equat ion  may be normalized by d iv id ing  by (a'w w ) 2.  Thus 
n m 
where 
Equation (3.7a) cannct be ~ e r m a % i z e d  i n  terms of E and t h e r e f o r e  
must be solved by use df graphical sr numerice1 techniques.  The 
a r b i t r a r y  constawr, B ' ,  i n  (3,7a)  w i l l  have t o  be assumed and the  
s o l u t i o n  w i l l  be fer a ~ p e c a t i c  case ,  The c a s e  chosen i s  t h e  same 
a s  used by Cheng [ 4 ] ,  The plots i n  Figu1re.s 3 .1  and 3.2 a r e  curves 
f o r  t h e  s o l u t i o n  where the  parameter f o r  t h e  family of curves i s  
x.  F igure  3 - 2  i s  an exgan,i,-.llcn cf Figure  3,L f o r  she r eg ion  where 
t h e  PLL w i l l  noina?hy be  t s e d ,  
A s  i n  Chapter 16 s G U ~ P - L ~  r e l a t i n g  the  maximum modulation index 
ve r sus  t h e  modulating ?Ta%ueaey S g r  t he  f i r s t  amplitude jump is  of 
i n t e r e s t .  The jumps i n  F igure  3.1 w i l l  occur when d A / d ~  = or 
dE/dA = 0; however, l i t t l e  i s  learned  from t h e  r e s u l t a n t  d e r i v a t i v e  
due t o  i t s  complexity. Ins tead  a  g raph ica l  method is  simpler :  
t h e  va lues  of x and A may be found from Figure  3 .1  and denormalized 
us ing  (3 . ld ) ,  (3 .7b) ,  and &3,7c) .  This  curve is  p l o t t e d  i n  F igure  
3.3 along wi th  t h e  r e s u l t s  from Chapter 11. 
These r e s u l t s ,  as wi th  t h e  r e s u l t s  of Chapter 11, do not  agree  
exac t ly  w i th  experimental  d a t a  lead ing  t o  t h e  conclusion t h a t  e i t h s r  
t h e  model o r  t he  assumed s o l u t i o n  i s  i n c o r r e c t ,  Experimental 
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FIGURE 3.3 Boundary for First Response Jump, Second Approxhation 
observa t ions  of t h e  M-PLL when opera t ing  s l i g h t l y  below t h e  jump 
boundary i n d i c a t e  t h a t  t h e  t h i r d  harmonic term i s  l a r g e  enough t o  be 
s i g n i f i c a n t  and should be considered.  
This  observa t ion  does no t  prec lude  t h e  f a c t  t h a t  t h e  model may 
not  be  proper s i n c e  t h e  experimental  model must inc lude  a lowpass 
loop f o r  c a r r i e r  t racking .  I f  t h e  d i f f e r e n c e  i n  t h e  jump boundary 
is  caused by t h e  neg lec t  of t h e  higher  harmonic terms i n  t h e  as- 
sumed s o l u t i o n ,  then  t h e  a n a l y t i c a l  p r e d i c t i o n s  should ag ree  wi th  
experimental  r e s u l t s  i n  opera t ing  reg ions  where t h e  h igher  harmonies 
may be neglected.  This ,  of course ,  i s  t h e  reg ion  of ope ra t ion  w e l l  
below t h e  jump boundary. 
Again t h e  c a s e  considered must be a s p e c i f i c  ca se  due t o  t h e  
na tu re  of (3.7a) .  The r e s u l t s  of t h e  c a s e  used he re  a r e  shown I n  
F igure  3.4 along wi th  the  r e s u l t s  found by Cheng [4 ] .  The agreement 
is  good; t hus ,  i t  i s  concluded t h a t  t h e  model used h e r e  is  s u f f i -  
c i e n t  bu t  h igher  harmonics must be considered i f  accu ra t e  jump 
boundaries a r e  des i r ed .  
3 .3  Higher Harmonic Terms 
Before mentioning t h e  form of t h e  gene ra l  s teady  s t a t e  s o l u t i o n  
i t  is  worthwhile t o  cons ider  a s p e c i a l  case.  A s  w i l l  be  seen ,  the 
cons ide ra t ion  of more harmonic terms quick ly  l eads  t o  exceedingly 
complex s o l u t i o n s .  Therefore,  i n  an a t tempt  t o  keep t h e  mathematics 
i n  hand, only t h e  f i r s t  and t h i r d  harmonic terms w i l l  be  considered,  
o Points Predicted by Gheng 
-- Predicted by (3,7a) 
Modulating Frequency i n  rad/eec 
FIGURE 3,4 Comparison of Peak Phase Error a s  Predicted 
by Equation (3.7a) and by Cheng 
For the Bandpass Loop Where 
The assumed s o l u t i o n  f o r  (3 . l a )  becomes 
S u b s t i t u t i n g  (3.8) i n t o  (3 . l a )  and c o l l e c t i n g  l i k e  s i n e  and cosine 
terms t h e  fol lowing c o e f f i c i e n t  equat ions r e s u l t :  
333 3 
(J-(2+3n) (El )  +J(2-3n) E l  + ~ ~ - ( + n )  + J  (I-in) ( E l  > > j 1 
= G cos  y ' ,  (3.9) 
s i n  wmt:  E l  (u2-02) = G s i n  y',  
ri m (3.10) 
s i n  3u t: E3 (wi-go:) = 0. 
m 
(3.12) 
These equat ions  a r e  exceedingly complex and t h e  only p o s s i b l e  way 
t o  s o l v e  t h e m  i s  wi th  t h e  use  of a computer. Although no at tempt  
was made a t  f i nd ing  t h e  E l  and E3 which s a t i s f y  t h e s e  equat ions ,  
t h e  approach would be t o  square  corresponding s i n e  and cos ine  terms 
and t o  summing t h e  r e s u l t s .  This  g ives  two equat ions  i n  t he  two 
unknowns, El and E g .  The d i f f i c u l t i e s  i n  so lv ing  t h e s e  two equat ions 
a r e  l e f t  t o  t h e  imaginat ion of t h e  reader .  
The s ~ l u t i o n s  quickly g e t  ou t  of hand because of t h e  cos ine  
non l inea r f ty .  I n  t h e  gene ra l  s o l u t i o n  where a l l  harmonics are eon- 
s ide red ,  t h e  s u b s t i t u t i o n  of t h e  assumed s o l u t i o n  i n t o  t h e  cos ine  
term w i l l  r e s u l t  i n  
CU 
cos [ 1 En s i n  numt l .  
n= 1 
This ,  of course,  is  t h e  form of t h e  mult i - tone FM modulation f o r  
harmonically r e l a t e d  tones  and has no t  been s a t i s f a c t o r i l y  solved 
t o  da t e .  
3.4 Discussion of Resu l t s  
The discrepancy between the  a n a l y t i c a l l y  pred ic ted  jump boundary 
and t h e  experim.enta1 boundary i s  l a r g e r  t han  should be  i f  t h e  as- 
sumed s o l u t i o n  i s  approximately c o r r e c t .  The imp l i ca t ion  i s  that 
t h e  h igher  harmonics a r e  l a r g e  enough t o  r e q u i r e  cons ide ra t ion ,  
I n  a  M-PLL t h e s e  harmonics w i l l  cause d i s t o r t i o n  i n  t h e  demodulated 
output ;  and t h e r e f o r e ,  t he  modulation index must be such t h a t  t he  
PLL i s  opera t ing  w e l l  away from t h e  boundary. For ope ra t ion  i n  
t h i s  r eg ion  (approximately t h a t  r eg ion  shown i n  F igure  3.2)  t h e  
opera t ing  parameters a r e  accu ra t e ly  p red ic t ed  by (3.7a).  
CHAPTER I V  
CONCLUSION 
4 .1  Summary 
Jump phenomena i n  t h e  response amplitude has been shown t o  
e x i s t  i n  t h e  bandpass f i l t e r s  of t he  M-PLL when t h e  loop i s  exc i ted  
wi th  a s i n u s o i d a l  d r i v e .  The jumps i n  t h e  bandpass f i l t e r s  cor- 
respond t o  t h e  jumps i n  t h e  lowpass f i l t e r  found by Stewart  (61,  
Hys te re s i s  e f f e c t s  i n  t h e  response ampli tude have a l s o  been demon- 
s t r a t e d .  
The f i r s t  o rder  approximation i n  Chapter I1 p r e d i c t s  t h a t  only 
a s i n g l e  jump w i l l  t ake  p lace ;  however, i n t u i t i v e  reasoning l e a d s  
one t o  expect f u r t h e r  amplitude jumps a s  can be found from (3,7a), 
Although t h e  s o l u t i o n s  do not  accu ra t e ly  p r e d i c t  t h e  p o i n t s  where 
t h e  jumps occur,  t h e r e  i s  no reason t o  expect  t h a t  t h e  p red ic t ed  
jumps do no t  e x i s t .  The curves i n  F igures  2.2  and 3.1 a l s o  demon- 
s t r a t e  a phenomena observed experimental ly  by Cheng. It was ob- 
served t h a t  t h e  f a r t h e r  t h e  modulating frequency was from t h e  center 
frequency of t h e  bandpass f i l t e r ,  t h e  smal le r  t h e  jump amplitude 
observed (Cheng r e f e r s  t o  t h i s  a s  a lock  t o  unlock t r a n s i t i o n ) ,  
Since t h e  ope ra t ion  of t h e  PLL near  o r  p a s t  t h e  po in t  a t  which 
t h e  f i r s t  jumps occur w i l l  g ene ra t e  h igher  harmonics, t h e  t y p i c a l  
ope ra t ing  r eg ion  w i l l  be approximately t h e  r eg ion  shown i n  F igure  3.2, 
This  curve i s  generated from (3.7a) and, t h e  phase e r r o r  may be 
found by so lv ing  t h i s  equat ion t o  he lp  i n  designing t h e  loop. 
4.2  Suggestions For Fur ther  S tud ie s  
Perhaps t h e  most important problem y e t  t o  be  s tud ied  is de- 
s c r i b i n g  t h e  ope ra t ion  of t h e  M-PLL when two o r  more s u b c a r r i e r s  
compose t h e  dr ivfng  func t ion .  The most obvious technique t o  solve  
t h i s  problem would be  t o  cons ider  t h e  energy i n  t h e  loop. Unfor- 
t u n a t e l y  t h i s  method does not  l i v e  up t o  expec ta t ions .  This prob- 
lem must be solved before  a M-PLL can be designed wi th  t h e  assurance 
t h a t  i t  w i l l  ope ra t e  proper ly .  
Also of i n t e r e s t  i s  t h e  problem of s i g n a l  d i s t o r t i o n .  Because 
t h e  M-PLL w i l l  g ene ra t e  harmonics of t h e  s u b c a r r i e r s ,  i t  would be  
informat ive  t o  know t h e  amplitude of t h e  harmonics generated f o r  the 
va r ious  loop parameters and t h e  modulation index. 
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APPENDIX 
APPENDIX 
POLE LOCATIONS TO MINIMIZE FILTER 
INTERACTION FOR THE LINEAR PL,L 
To s u p p o r t  t h e  assumption t h a t  t h e  f i l t e r s  are n o n i n t e r a e t i a g ,  
t h e  p o l e  p o s i t i o n s  of t h e  f i l t e r s  i n  t h e  l o o p  must b e  independen t ,  
Independence of t h e  p o l e  p o s i t i o n s  w i l l  n o t  o n l y  ease t h e  a n a l - y t i c a l  
cons5-derat ions  b u t  w i l l  a l s o  s z m p l i f y  t h e  d e s i g n  of t h e  M-PLL. 
The comb f i l t e r  i s  u s u a l l y  r e a l i z e d  u s i n g  d e l a y  l i n e s  as 
opposed t o  t h e  u s e  of many bandpass f i l t e r s .  When t h e  comb f i l t e r  
of t h e  d e l a y  l i n e  t y p e  is  connected i n t o  t h e  loop ,  t h e  p o l e s  are  n o t  
s u b j e c t  t o  i n d i v i d u a l  movement. For  t h i s  r e a s o n  i t  i s  n e c e s s a r y  t o  
c o n s i d e r  o n l y  t h e  p o l e s  of t h e  lowes t  bandpass f i l t e r  and t h e  p o l e s  
of t h e  lowpass f i l t e r .  
T y p i c a l l y  t h e  lawpass  r e s p o n s e  w i l l  b e  second o r d e r  and t h e  
f i l t e r  w i l l  have a n  s-domain t r a n s f e r  f u n c t i o n  of 
The bandpass f i l t e r  may b e  c o n s i d e r e d  t o  have a t r a n s f e r  f u n c t i o n  
g i v e s  i n  Chapter  11. 
The o v e r a l l  t r a n s f e r  f u n c t i o n  f o r  t h e  sys tem w i l l  b e  
The r o o t s  of t h e  l i n e a r  PLL may b e  found by s u b s t i t u t f n g  (A.1) 
i n t o  (1,1) where s i n  I$ = I$ and f i n d i n g  t h e  c h a r a c t e r f s t f c  e q u a t i o n ,  
The r o o t s  of t h e  c h a r a c t e r f s t i c  e q u a t i o n  w i l l  b e  t h e  same a s  t h e  
p o l e s  of t h e  s-domain t r a n s f e r  f u n c t i o n  o f  t h e  l i n e a r  PLL. 
The p a r t i c u l a r  c a s e  used f o r  t h i s  s t u d y  w i l l  have a lowpass 
loop  w i t h  a damping f a c t o r  of 1/a and a n a t u r a l  f requency  of 1 
r a d / s e c ,  t h u s  
F u r t b e r ,  t h e  open loop  damping f a c t o r  f o r  t h e  bandpass f i l t e r  will be 
The s-domain p o l e s  of t h e  l i n e a r  PLL may b e  s t u d i e d  f o r  various 
v a l u e s  of AK and ia by s o l v i n g  f o r  t h e  r o o t s  o f  ( A . 4 ) .  B nB 
F i g u r e  A , 1  is  t h e  second quadrant  of t h e  s -p lane ,  showing the 
p o l e  p o s i t i o n s  as AK and o a r e  v a r i e d .  The r e g i o n  shown is where B nB 
t h e  lowpass p o l e s  have moved less t h a n  t e n  p e r c e n t  due t o  t h e  influ- 
ence of t h e  bandpass p o l e s .  
When t h e  p o l e s  of t h e  bandpass f i l t e r  a r e  i n  t h e  r e g i o n  in -  
d i c a t e d  by F i g u r e  A.1, t h e  r e s u l t s  of t h i s  s t u d y  are v a l i d .  It 
Location of 
Lowpass 
Fi l ter  Pol 
FIGURE A.1 Second Quadrant of s-plane for a Lowpass Fi l ter  
and One Bandgass Fi l ter  
should be noted t h a t  wi th  t h e  poles  i n  t h e  reg ion  ind ica t ed ,  t h e  
s t a b i l i t y  of t h e  loop i s  guaranteed,  I f  t h e  poles  a r e  moved c loser  
t oge the r ,  t h e  loop w i l l  even tua l ly  become uns t ab le  a s  shown i n  
F igure  A . 2 .  
FIGURE A.2. Root Locus Plot for Linear M-PU as is Reduced to %era 
